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Abstract In this paper, we study the counterparty risk on a credit default swap (CDS) and the
valuation of a first-to-default basket swap on three underlyings under a common shock model with
regime-switching intensities. We assume that the defaults of all the names are driven by some shock
events, whose arrivals are governed by a multivariate regime-switching shot noise process. Based on
some expressions for the joint Laplace transform of the regime-switching shot noise processes, we
give explicit formulas for the spread of the CDS contract with and without counterparty risk and the
spread of the first-to-default basket swap on the three underlyings.
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1. Introduction

Counterparty credit risk is the risk that the counterparty to a financial contract will default prior
to the expiration of the contract and will not make all the payments required by the contract. Once
two counterparties enter into a financial transaction, they should take credit risk against each other.
To value counterparty credit risk, the most important task is to model the default dependence among
the counterparties. Credit default swaps are the most widely traded form of credit derivative. A
credit default swap (CDS) is a financial swap agreement between the buyer of the default protection
on a reference risky entity and the seller of the default protection. The protection seller receives fixed
periodic payments (CDS premium) from the protection buyer, in return for compensating the buyer’s
losses on the reference entity when a credit event occurs. This paper focuses on valuing a single-name
CDS with and without counterparty risk as well as a first-to-default CDS on three underlyings.

The reduced-form approach is one of the most popular methods to model the default correlation.
Reduced-form models, introduced by Duffie and Singleton [12], Jarrow and Turnbull [20], and others,
focus directly on the modeling of the default probability. This methodology does not intend to
explain the default of a firm by means of an economic construction. Instead, the time of default is
defined as the first jump time of a point process. There exist four major approaches to introduce
default correlation within the reduced-form framework: the conditionally independent approach, the
copula approach, the default contagion models, and the common shock models. In the conditionally
independent default models, one may set the default intensities of the firms in the portfolio to be
driven by a common set of macro-economic factors. Therefore, conditional on the realization of the
macro-economic state variables, the default times are mutually independent; see, for example, Duffie
and Gérleanu [11] and Graziano and Rogers [9]. In the copula models, the dependence structure is
linked through a copula function; see, for example, Schonbucher and Schubert [24] and Hull and White
[19]. Default contagion is another approach to model the default correlation. The contagion models
study the direct interaction of firms in which the default probability of one firm may change upon
defaults of some other firms in the portfolio; see, for example, Davis and Lo [8] and Ma and Yun [23].
The common shock models are based on the idea that a firm’s default is driven by exogenous events,
for example, policy events, natural catastrophes events, etc. Therefore, simultaneous defaults may



occur under the common shock models; see, for example, Lindskog and McNeil [22], Giesecke [16],
Brigo et al. [3], and Bielecki et al. [1].

This paper focuses on a model with common shock. In the framework of common shock models,
Lindskog and McNeil [22] and Giesecke [16] both assume the shock events arrive as independent
Poisson processes. In this paper, we extend their work to the case that the arrival intensities of the
external shock events are modeled by some conditionally independent Cox processes. Since the default
intensities of the firms can be expressed as some linear combination of the arrival intensities of the shock
events under some suitable assumptions within the common shock framework, the default dependence
in our model is not only due to common shock, but also the dependence among the arrival intensities.
In the literature, the shot noise processes are good tools for describing the arrival intensities as they
allow for explicit solutions to many important quantities in derivative pricing. For example, Gaspar
and Schmidt [15] consider a multivariate default model driven by the shot noise processes and show
that the shot noise processes can describe historical data very well and give a better fit in calibration
than the affine jump-diffusion models proposed by Duffie and Gérleanu [11]. Also, Cox and Isham
[5] and Dassios and Jang [7] show that the shot noise processes can be used to measure the impact
of major events on the intensities. However, most existing works on the shot noise models assume
that the jumps are driven by a compound Poisson process. Intuitively, the jumps should be related
to the macro-economic conditions since we have witnessed that recent global financial crises do have
significant impact on international financial markets, in particular on the values of credit derivatives.
In fact, default risk is influenced very much by business cycles or macro-economy. For instance, default
risk typically declines during economic expansion because strong earnings keep overall defaults rates
low; and it increases during economic recession because weak earnings make it more difficult to repay
loans or bond payments. In view of these, there is a practical need to develop some credit risk models,
which can take into account changes in market regimes.

Markov regime-switching models have been used by a lot of research in different branches of modern
financial economics to capture changes in market regimes. For example, see Buffington and Elliott [4],
Yuen and Yang [26], Shen and Siu [25], Dong et al. [10], and Elliott and Siu [13]. Regime switches
are often interpreted as structural changes in macro-economic conditions and in different stages of
business cycles. The advantages of using Markov regime-switching models have been empirically
verified in various financial markets. For example, in the stock market, by using monthly returns
data from the Standard and Poor’s 500 and the Toronto Stock Exchange 300 indices, Hardy [18] finds
that the regime-switching lognormal model fits to the monthly returns data much better than other
econometric models such as the independent lognormal model and the ARCH type models. In the
credit market, by an empirical analysis of the corporate bond market over the course of the last 150
years, Giesecke et al. [17] point out that there exist three regimes, associated with high, middle, and
low default risk.

Motivated by Gaspar and Schmidt [15], Buffington and Elliott [4], and Giesecke et al. [17], we
propose a multivariate regime-switching shot noise process to model the arrival intensities of the
shock events. This paper aims at providing a flexible and tractable model for correlated defaults
which take into account the changes in market regimes or environments due to financial crises. The
contribution of this article is to provide a correlated default model with regime-switching intensities,
in which the default intensities of all parties can change simultaneously over time depending on the
state of the underlying Markov chain. Furthermore, the model leads to analytic formulas for the CDS
spreads with and without counterparty risk. The rest of the paper is organized as follows. In section
2, we introduce a common shock model, in which the shock events arrive as some dependent regime-
switching shot noise processes. We also present some preliminary results in this section. Section 3
derives the joint Laplace transform of the shot noise processes. Based on the joint Laplace transform,
we obtain the joint survival distributions. Section 4 incorporates the common shock model into the
Markov copula framework, which was considered by Crépy et al. [6] and Bielecki et al. [1]. Section 5
gives the closed-form formulas for the CDS spreads with and without counterparty risk and the spread
of the first-to-default basket swap on three underlyings. Section 6 presents some numerical results.
Finally, Section 7 concludes the paper.



2. Default dependence and some preliminary results

In this section, we model the dependence structure within the common shock framework under a
Markov environment. Consider a continuous-time model with a finite time horizon [0, 7] with T’ < co.
Let {Q, S, {S¢}o<i<r, P} be a filtered complete probability space, where P is the risk neutral measure
and {S¢}o<i<r is a filtration satisfying the usual conditions of right continuity and completeness.
Throughout the paper, it is assumed that all random variables are well defined on this probability
space and 37—measurable.

Denote by D(t1,t2) the stochastic factor giving the discounted value of one at time ¢; due at
time t9. Consider a CDS contract with notional value of one, continuous spread rate payments, and
maturity time 7. Indices 0, 1, 2 refer to quantities related to the investor, the reference entity, and
the counterparty. Also, denote by 79,7 and 7o be the default times of the investor, the reference
entity and the counterparty, respectively; and denote by R; the recovery of the reference entity which
is supposed to be a constant. In this paper, it is assumed that all the cash flows and prices are
considered from the perspective of the investor.

In order to derive an explicit expression for the fair spread of a CDS contract, we construct a default
dependence structure in the reduced-form framework. Motivated by Lindskog and McNeil [22], we
assume that there are m event types called factor names, which can generate events potentially causing
joint defaults. We further assume that there exists a process {X;};>o which governs the dynamics
of all arrivals of the m types of shock events and the interest rate. Here, the process {X;}:>0 is a
homogeneous Markov chain with generator ¢ = (g;;) describing the macro-economic conditions. The
state space of X can be taken to be, without loss of generality, the set of unit vectors {e1,es, -, en},
where e; = (0,---,0,1,0,---,0)* € RY with the symbol * denoting the transpose of a vector or a
matrix. Denote the corresponding filtration by 37X = o(X,,,0 < u < t). Elliott et al. [14] provide the
following semi-martingale decomposition for Xj:

dXt = Q*Xtdt+th7 (21)

where M; is an 3;¥-martingale.

Let (.,.) denote a scalar product in RY, that is, for any x,y € RV, (x,y) = ZZ]\LI Z;y;. Assume
that the discount factor is given by D(0,t) = exp{— fot rsds}, where the interest rate r; has the form

t
¢ :7"0+/ ho(t—s)ng iTo+Lg. (22)
0

Here, 7o = (r, Xo), where v = (r1,72,---,7n)* € RY with r; > 0, for each i = 1,2,---, N; ho(.) is
an R*-valued deterministic function; and J? = Zﬁj(t) on is a regime-switching compound Poisson
process with MO(t) being a regime-switching Poisson process. Write the intensity of M°(t) as ug(s) =
(1o, Xs), for a positive vector po = (ud, -+, pd)*. That is, if X5 = e; for all s in a small interval
(t,t+h], then MO(t-+h)— MO(t) has a Poisson distribution with parameter 1. Assume that, given the
path of the Markov chain X, {Y?, Yy, - - -} is a sequence of independent and identically distributed with
conditional density f{ concentrated on (0,00) and independent of M°(t), where f2(.) = (£°(.), X4)
for a vector £9(.) = (fO1(.), -, fON(.))*. Furthermore, it is assumed that M°(t) does not jump at the
jump times of Markov chain X. Since jumps of interest rate are possibly due to some extraordinary
market events, such as market crashes and interventions of central banks or monetary authorities, the
regime-switching shot noise process can be used to describe the impact of major market events on
the movement of interest rate. If there is no regime-switching, the process L) is called a shot noise
process, which was studied in Gaspar and Schmidt [15]. Here, we extend the study of shot noise
process to the case with regime switching.

For the arrivals of shock events, we assume that the m types of shock events arrive as Cox processes
{N*(t),t > 0},---,{N™(t),t > 0} with stochastic intensities A}, ---, A7* generating a filtration 3 =
SN VSN Vv, with §) = 0(A,,0 < s < t). Furthermore, given S, it is assumed that



{N*(t),t >0}, -+, {N™(t),t > 0} are mutually independent. For each i = 1,---,m, the intensity i
is given by

t
M=\ +/ hi(t —u)dJ: = X\ + LE. (2.3)
0

Here, \) = (A%, Xo), where A* = (AL A2 ... XN)* ¢ RN with AW > 0 for i = 0,1,2, and j =
1,-++,N;h;(.) is an RT-valued deterministic function; and J; = Zjlvill(tHMO(t)
compound Poisson process, where M9 (t) is given in (2.2), and M(t) is also a regime-switching Poisson
process with intensity p;(s) = (u;, Xs) for a positive vector p; = (ul, -+, p¥)*; V! is the size of the nth
jump that is independent of M*(t) given the state of the Markov chain. Given ¥, it is assumed that
MO(t), M(t)---, M™(t) are mutually independent, and that {on,j =1,2,- -}, Y =1,2,-}
are mutually independent and independent of MY(t),---, M™(¢). Furthermore, given the path of the
Markov chain X, we assume that for each i = 1,2,---,m, the jump sizes in, j =1,2,--- have

1; [ . _a . .
Y} is a regime-switching

a common conditional density f; concentrated on (0,00), where fi(.) = (fi(.), X;), with fi(.) =
(F1(), -+, fN(.))*. Note that the stochastic interest rate and the intensities A},---, \/* given by
(2.3) are driven by a multivariate regime-switching shot noise process with common jumps. Intuitively,
extraordinary market events which trigger jumps in the interest rate may also trigger simultaneous
jumps in the arrival intensities of the shock events. Therefore, all the intensities are influenced by
MO(t) which counts the number of the arrivals of extraordinary market events. It follows from (2.3)
that the intensity of each group is also influenced by some factors of its group. In particular, M*(t)
counts the number of the factor events occurring in group 1.

Remark 2.1. For each i =0,1,---,m, if h;(t) = 1, then L} becomes a regime-switching compound
Poisson process; if h;(t) = exp{—a't}, where a* > 0 is a constant, then L} is a mean-reverting regime-
switching Markov process, and it solves the stochastic differential equation

dL; = —a'Lidt +dJ;, L{=0. (2.4)

We now construct a default dependence structure by the thinning of the Cox processes N¢(t),e =
1,---,m. Define the collection

S = {{0},{1},{2},{0,1},{0, 2}, {1,2},{0,1,2}}.

In order to use the Cox framework to specify the random default times, we define the counting
processes N;(t), i = 0,1,2, and N,(t), s € S, which count shocks in the interval (0,¢] resulting in
default of name ¢ and simultaneous defaults of the names in s, respectively. By definition,

Nl(t) - ZSESJJES Ns(t)

For k = 1,---;m and i = 0,1,2, let px;(t) be the conditional probability of finding the ith credit
name defaulted knowing that factor name k has generated an event during (¢,¢ 4 dt). Suppose that
each event of kth type occurring at time ¢ has probability pg;(t) of generating a default of firm 4
only, and that defaults of the credit names are conditionally independent given that an event of a
certain type has arrived. These imply that the conditional probability density that only the names in
s € S defaulting during (¢,¢ +dt) is >0 Af [T, pri(t) [1;¢5 Pr;(t), where py;(t) =1 — py;(t). For
simplicity, we further assume that py;(t) = pg; for k=1,---,m and j = 0,1, 2. Then, it follows from
the above assumptions that the processes {N,(t),t > 0},s € S, are independent given 3, and that
the intensity of the counting process N;(t) is given by

— Zm k H H =
s (t) - k=1 >\t i€s Pi jés pk]
It is easy to check that

m 2
Z%(t) = Z)\f(l - Hf)kl)a
k=1

seES =0



and that the intensity of N;(¢) has the form

i(t) = Z qs(t) = ZAfpki-
k=1

SES,i€s

Remark 2.2. As was pointed out in Lindskog and McNeil [21], the process N;(t) represents the
number of defaults of name j in the interval (0,t]. Since CDS contracts end at the time of the first
default, we focus on the first jump of the process N;(t).

Denote the filtration by 3L = StLO VSE V. vSET where E‘ytL =o(Li,:0<u<t),i=0,1,---,m.
With N;(t), we define the default time of name ¢ as

7o =inf{t >0: N;(t) =1},i=0,1,2.
Therefore, we have
P(r > 11SE v SX) = P(Ny(t) = 0]% v &%) = ¢ Jo 2w

Define the default processes as

and denote the filtration by

where 3¢ = o(H: : 0 <u <t),i=0,1,

o

In order to derive the joint survival distribution, we need to use the first jump time of the counting
process Ny (t) given by
T, = inf{t > 0 : N4(t) = 1}, ses.

For example, if s = {1,2}, then N,(¢) counts shocks which cause simultaneous defaults of names 1 and
2, but not of name 0. Since {N(t),t > 0}, for s € S, are conditionally independent Cox processes,
the stopping times 75, for s € S, are also conditionally independent. Furthermore, the conditional
and unconditional distributions for 75 can be expressed as

P(r, > t|SE v SX) = PN, () = 0[SE v §X) = ¢ Jy (w1 (2.5)

Then, it follows from the relationship between N;(t) and Ns(t) that the default time 7; can be rewritten

as

= inf{t >0: Ny(t) =1} = min 7, i =0,1,2. 2.6

The next proposition gives the conditional joint survival probability of the three firms.

Proposition 2.1. Fort; > 0,i=0,1,2, we have

P(TO > tg, 71 > 11,70 > t2|%tL(2) V %f((z))
p m 2 ' m (2) ‘ m
- fo ©3 Aﬁ(lfnﬁkl)du*ft IR @cl)d“*ft )3 Aipr(zydu
= ¢ k=1 1=0 ©) k=1 1=(1) M = (2 7)
R .

where t(i)/s are ordered times with 0 <ty < t(1)y < t(a) and (i) refers to the credit name associated
with the (i + 1)th ordered time.



Proof. Using (2.6), we obtain

)

P(T() > tg, 71 > tl,TQ > tQ‘%tL(Q) V %t(z)

= P(r0) > to), 71) > t)s T(2) > L) ST, V Si,)

= Py >ty mwy >ty Tiowy >ty min > 1), V i)

= P(rop >to)lSt, VS, Il Pr>twlSh, vSi,)
={1{(0.1))

X H P(TS > t(2)|%ﬁz) V St)é)),
s€S,(2)€s

where the last equality follows from the conditional independence of 75,s € S. Then, substituting
(2.5) into the above equality gives the result. 0

The next two results are very useful for deriving the spread of CDS.
Lemma 2.1. For any S V SE—measurable random variable Y and any u >t > 0, we have
E[lr>n YIS = 1iron B [Ye Jrmetngry StX] i=0,1,2;
forany s €S,
EYrsnY[St) = Lrsn B [YG JFewtgry %ﬂ ;

and

m 2
_LUZ)‘E(I—Hﬁm)dv I
1=0 2

E |:1{min'rs>u}Y|%t:| = 1{min‘rs>t}E Ye k=1 |\yt vV %5
seS seS
Proof. See Corollary 5.1.1 in Bielecki and Rutkowski [2]. 0

Lemma 2.2. Let 7 = migrs. Let Z be a bounded C\‘s])f \Y, %:Lp—predictable process. Then, for any
se

0<t<ooands €8,

m 2

s —f: Soar-]] pr)dv
E[Zr AV rer, 1<r,<sy|St] = 1y B / Zugs (u)e k=t =0 dulSE v S
t
Proof. From Lemma 2.1, we have
. m 2
j;; Z /\ﬁ(l—Hﬁkz)d“ I ¥
E[Z: Vrer, t<r,<s}|St] = Limspe =1 1=0 EZr Aper aecr, <} IST VST ] (28)

So, it remains to derive the expression for the conditional expectation in the above equality. We first
assume Z is a stepwise 37 VL —predictable process, that is, for t < u < s, Z,, = Yoo Za, Liticu<tiii}s
wherety =t <t < - - <tnpq41 = Ss,and Zy, is %é\/%ff—measurable random variable fori = 0,1, - -, n.
Then,

E [Zq—sll{?zrs/,t<7—s,§s}|%{‘ V %%X]



n
= oL X oL\ X
= E E |:ZtiE |:1{ti<7's'§ti+1y?:7'sl}|\yti+1 v \‘t7;+1] Sy VS }
i=0

n tit1 - fu i A (=T Bry)dv
= 22191%5/ go(we A= i dulSE VS, (2.9)
i=0 ti

where the second equality holds since 74, s € S, are conditionally independent. Define

k=1 =0 du.

t - fo“ Z A (=TT Bro)dv
F@:/%@k
0

Then, (2.9) can be rewritten as

n
E [ZTS/1{?:75/,t<‘rs/§8}|c‘}tL \ (‘}g(} = ZE [Zti (F(ti-‘rl) - F(tl))|C‘}tL \ C‘};‘,X}
1=0

n tita s
= Y E [/ ZydF (u)|SE v 3] = E[/ ZydF (u)|SE v S| (2.10)
i=0 ti t

For any Z, we can use a suitable sequence of bounded, stepwise, S% \Y, %%—predictable processes to
approximate Z. So, (2.10) holds for any bounded 7 V34 —predictable process Z. Finally, substituting
(2.10) into (2.8) yields the result. 0

3. Laplace transforms and survival distributions

In this section, we give the joint Laplace transform of the regime-switching shot noise processes and
the integrated regime-switching shot noise processes under the assumption that L! is a mean-reverting
regime-switching process defined in (2.4) for each i = 0,1, -, m. With the joint Laplace transform,
we can obtain explicit formulas for the joint survival distributions.

For ¢ > 0,d*>0,and i =0,1,---,m, let

7LTiCiLid57i 'L
V,T)=E |e = =

R¥

where Li,i = 0,1,---,m, are given in (2.4). Note that L! > 0 for i = 0,1,---,m. Consequently,
V(t,T) is a bounded function. Since (Xy, LY, L} ---, L™)* is an (m + 2)—dimensional Markov process
with respect to I Vv 37X, we have

T m m
— [0 Y eiLids—Yd'Ly
e ¢ i=0

V(t,T) = = |Lj,i=0,1,---,m,X,

= a(taTaL&L%a"'vLTaXt)'

Write
97; = 9(t7TaLg;L%7'",L;n7€1‘),i = 1’2,. ..’N’
0 = (01,02, ,0N)" € RN,
The following result gives the explicit expression for 6(¢, T, LY, L},---, LT, X;).

Theorem 3.1. Letc = (c°,ct,---,c™)* € R™L and d = (d°,dt,---,d™)* € R™FL with ¢ >
0,d* > 0 for eachi=0,1,---,m. Then, we have

S (e (T e )
V(t,T)=e =0 (W1(c,d,t, 1), Xe), (3.1)



where _ _ '
Et,T)=1—-e T/t i=0,1,---,m,

and the N—dimensional vector ¥1(c,d,t,T) solves

ov,
ot

with 1 = (1,1,---,1)* € RN, and F being an N-dimensional vector with the jth component given by

+ (Q + Ft(cvd)))\lll(cvdat,T) =0, \Ill(cvdvTv T) =1, (32)

Zuz (927 (c,d") = 1) + Hg” ¢, d’)
and

g;'j(ci7di) _ / e_(Ci&-i(s,T)-‘,-d'ie*al(Tis))Ifij(x)dx’ i=0,1,---,m, j=1,---,N.
0

Proof. We use the martingale approach to derive (3.1). Consider the function

V(t,T)=Ub(t, T, LY, - L", X;),

where U; = exp(— fo c i Lids). Applying Itd’s differentiation rule to V (¢,T) yields

_ o m o meoo
dV(t,T) =Ul(5 — Y _a'Li———> 'L)(t, T, LY, L}, L", Xy)dt

t
ot —~ oL ~
+ U Y (O T, LY, Ly, L7 Xp) = 0(, T, L, - L+ L, X)) M
1=1
+ Ut(a(taTaL(t)7"'7L,tb.7"'7LG7Xt) _o(thaLg*a"'7L1Z‘:*7"'7L?15Xt))dML?

+ U0, Q" Xy )dt + U(0, dM).
Note that V(¢,T) is a bounded SF V 3 —martingale. Consequently, we have

(Q—Zaiﬂ 0 ZCU O(t,T,L°,--- L™, )+ (0,Q*x)
0

oL?
JFZ(M,?E)E [(g(ta T, LOlea o '7Li + Yia n ~,Lm,$) - H(t,T, LO,le o ’7Lia t ~,Lm,$))}

+{po, x)E [(0(t, T, LO+Y°,--- L™ + Y™ 2) —(t,T,L°,---, L™, x))] = 0. (3.3)

Due to the affine structure of Li for i = 0,1,---,m, we try the solution

i Bi(t,T)L'*+C(t,T,x)
O(t,T,L°,--- L™ z) = ei=0 , (3.4)

where the terminal conditions are given by
Bi(T,T) = —d',C(T,T,x) = 0.

Write C(t,T) = (e¢®Toer) ... CtTen)y* ¢ RN, Substituting the solution to @ given by (3.4) into
(3.3) gives

=1
- (O T), 2o N[ ] / T BT () p)dy — 1) = (3.5)
1=0



Since (3.5) holds for all L? and z, we have

a;;” —a'Bi(t,T) — ¢ = 0,B;(T,T) = —d',  i=0,1,---,m,
and
oC Lo _
e + (Q + diag(F:))C(t,T) =0,C(T,T) = 1,

where F, is an N-dimensional vector with the jth component given by
Fl= >l [P em iy ([ [ ey - .
i=1 0 i—0J0
By solving the above equations, we complete the proof of (3.1). 0

Corollary 3.1.  Let ¢ = (%, ct,---,¢™)* € R® gnd d = (d°,d*,---,d™)* € R™FL with ¢ >
0,d* > 0, for each i =0,1,---,m. Then, fork=0,1,---,m,

T LU Ui .
. 7ft chLgdsfz diLi,
E LTe =0 =0

R

-3y (i€ (t,T)+die* (T=D) L}
Z t k
= ¢ i=0 (em@ Ty, (c,d,t, T) — Uh(c,d, t,T), X,), (3.6)

where £4(t,T) is given in Theorem 3.1, and

8v,(c,d,1,T)

k _ 1\6, 4,4,

W(e,d,, 1) = (3.7)
Proof. Differentiating both sides of (3.1) with respect to d* gives (3.6). 0

Corollary 3.2. For j € {0,1,2}, let & = (¢7,---,é")* with & = 0 and & = p;j,i = 1,2,---,m.
Then, the survival distribution for name j is given by

—Zpij)\ét
P(Tj>t):6 i=1 <\P1(61,0,0,t>,X0>7 t>0.
Fori,j €{0,1,2},t >0, let & = (63, -+, &5)* with ¢ =0 and é5 =1 —DriPrj kb =1,2,---,m. Then,
we have

—ié’gx’gt
P(Ti>t,7’]’ >f,):6 k=1 <\I/1(62,O,0,t),X0>, t > 0.

4 2
Also, let &3 = (¢, -, ¢5)* with ¢y =0 and ¢§ =1 — [[ Dy,i = 1,2,---,m. Then, we have
=0

™
= ebagt

P(TO > taTl > t77—2 > t) =e k=t <\I/1(é37070at)7X0>a

where W1(€;,0,0,t) = limgo ... gm_o ¥1(&;,d,0,t) with ¥1(€;,d,0,t) determined by (3.2).

Proof. Since

— fot kz Neprjds — fot kE L¥pijds
=1 =1

m
=2 Aopast
e k=1 e s

P(rj >t)=F |e

©



m m m

- fot Z Af(l—ﬁkiﬁkj)ds - Z Ag(l—ﬁkiﬁkj)t - fot Z L?(l—ﬁkiﬁkj)ds

P(Ti > t77'j > t) = E e k=1 = e k=1 E' e k=1 ,
B m 2 2 m
- fo Z A.’i(l*H Dry)ds - Z A H f Z LE(1- H Pri)d
P(ro>t,m >t,m>t)=FE |e k=t 1=0 =e k=t 1=0 E
an application of Theorem 3.1 yields the results. 0

4. Markov copula model

Within the framework of Markov copula, the common shock model discussed in Section 2 was
considered by Crépy et al. [6] and Bielecki et al. [1]. In this section, we present the corresponding
Markov copula model.

Define the default process as
H, = (H?7H1617H262) € {Ov 1}37

where H} = 1{r,<¢t}- Then, H can be visualized as a finite state Markov chain and the state space S
of H contains the following eight states:

state 1: (0,0,0), state 2: (1,0,0), state 3: (0,1,0), state 4: (0,0,1),
state 5: (1,1,0), state 6: (1,0,1), state 7: (0,1,1), state 8 (1,1,1).

Let o = (X, LY L}, -+, L")o<t<7 be an (m+ 2)-dimensional stochastic process. Based on the default
dependence constructed in Section 2, we now give the infinitesimal generator Ap(t) = (A (t[Y)))sxs
for H given the path of . Write state ¢ as k = (ko, k1, k2) and state j as 1 = (lg,1,l2). Note that
k; € {0,1} and [; € {0, 1}, for i = 0,1, 2. For notational convenience, we define

S1={i€{0,1,2} : k; = 1,l; =0},

Sy ={i€{0,1,2} : k; =0,1; = 0},
S3={i€{0,1,2} : k; =0,l; = 1}.

Hence, for k # 1, if S is nonempty, then the transition intensity from state ¢ to state j is

Nij(t[y) = 0.
If 57 is empty, then
Nij(tl) = Z)\ H DPri H Dkj-
= 1€Ss JESs

For k =1, we have
8

/\u tW) Z Alj tW’

J=Lj#i

For example, if k = (0,0,1),1 = (1,1,1), then Ass(t|)) = D1, Nipirpio-

By using the forward Kolmogorov equation, the conditional transition probability matrix P (¢, u|y)) =
(Pi;(t,ulw))sxs is governed by

WL _ ity @), 0<t <,

10



with
Pt thy) = I.

The individual transition probability P;;(t, s|¢) satisfies the following system of ODE:

dP;;(t, 8
w - ;Pik(t’“W) Aj (1Y), 0<t<u,

with

1, i=y,
Poteio)={ o 157

Since Apy)(t) is upper triangular, individual transition probability P;;(#, u|¢) can be solved successively
in a sequential manner. Then, applying the expectation operator Ey[.], which is the expectation taken
over the path of (X,L? L}, ---, L")o<t<T, We can obtain the transition probability P;;(¢,u). Once
these transition probabilities are available, the marginal distributions and the joint distribution of the
default times can be derived.

For example, the conditional transition probability from state 1 to state 1, denote by p11, can be
obtained by solving the equation

m 2
e D) LT § i
k=1 =0

with the boundary condition Pj;(t,t|¢)) = 1. The solution to the above equation is given by

) 2
- ftu Sk (=] Pro)dv
Pu(tuly) =e —w=t im0

Therefore,

m 2
—fot SR -] Pro)dv
P(7'1 /\TQ/\T3>t)=P11(O,t):E e k=1 1=0

Based on the connection between the dynamic Markov model (1, H) and a common shock model,
explicit formulas for the conditional and unconditional transition probabilities can be derived. Here,
we omit the details of these formulas.

5. CDS and the first-to-default basket swap on three underlyings

In this section, we compute the fair spreads of a single-name credit default swap with and without
the counterparty risk and the first-to-default basket swap on three underlyings when L} is modeled
by (2.4) for i =0,1,---,m.

5.1. Single-name credit default swap

In this subsection, we consider the impact of default risk of the protection seller on the spreads of
a CDS. Specifically, we compute the fair credit default swap premium with and without default risk
of the protection seller and the investor.

For simplicity, let the face value of the CDS be a monetary unit. It is assumed that the spread is
paid continuously in time. Let T' be the maturity date of the CDS, k be the fair spread rate of a CDS
contract without the default risk of the protection seller and the protection buyer, and k1 be the fair
spread rate of a CDS contract with counterparty risk. Furthermore, if the protection seller defaults,

11



then the protection buyer gets nothing. In the literature, much research has been carried out to study
the impact of counterparty risk on CDS valuation. In this paper, the impact on the CDS spread rate
in the presence of the counterparty risk measured by x1 — &, has also been studied in Leung and Kwok
[21].

We first describe the cash flows of a CDS without counterparty. For the default leg, the protection
seller covers the credit losses 1 — R; as soon as the reference entity has defaulted. For the premium
leg, the protection buyer pays k to the seller continuously until maturity or until the reference entity
defaults before maturity. Then, the fair spread of the CDS without counterparty risk is determined
so that the discounted payoff of the two legs are equal when the contract is initiated at time 0. That
is, the spread k should satisfy

T
H/ E[1prouy D(0,0)] du = (1 — R)E [D(0, 7)1, <1]
0
Hence,

(1—R1)E [D(0,71)1{r,<1}] '
foTE [Lr>uy D(0,u)] du

R =

(5.1)

We now turn to the cash flows of a CDS with counterparty risk. For the default leg, if the reference
entity defaults first before maturity, or the reference and the investor default simultaneously before
maturity while the protection seller still survives, then the protection seller covers the credit losses
1—R;. For simplicity, we assume that if the protection seller or the buyer defaults first before maturity,
then the protection buyer gets nothing. For the premium leg, the protection buyer pays x; to the
seller continuously until maturity or until any of names 0, 1, 2 defaults before maturity. Again, the
fair spread of the CDS with counterparty risk is determined so that the discounted payoff of the two
legs are equal when the contract is initiated at time 0. So, the spread k; should satisfy

T
K1 /O E []‘{7'0/\7'1/\T2>U}D(07u)} du = (1 - Rl)E [D(Oa Tl)(1{71§T77'1<7'2/\7'0} + 1{7’1§T,7'1:T0<7'2}:| .

So,
Ky = (1 - Rl)E [D(O»7—1)(1{71§T,T1<72/\To} + 1{71§T7T1:To<7’2}] (5 2)
= T . .
fO E [1{70/\71/\72>U}D(0, u):l du
Proposition 5.1.  Let¢; = (&},¢l,---,e)*, with &} = 1 and &, = p;1 for each i =1,---,m. Then,
the fair CDS premium without counterparty risk is given by
T —(m-i-z Aopr1)u m
(1 — RI)IO e k=1 Z pk1<)\lg\111(617070,u) — \11’2“(61,070,u),X0>du
k=1
K= s ) (5.3)
T —(ro+Y_ PR bt
fO € k=1 <\Ill(6170a07t)’X0>dt
where
_ _ _ 0Y1(¢y,d,0,u)
_ . k _ . 1\¢1, &4, Y,
\Ijl(cla 0, 07 u) - dU’--l}g}n*)O ‘1/1((:17 d7 07 U), \IJQ (Cla 0, 07 U) - dO,..l.}(I}}nA)O Ta

with ¥1(€1,d,0,u) determined by (3.2).

Proof. The expected present value of the contingent payment paid by the protection seller from 0
to T is given by

T
(1= Ry)E [D(0,7)1{r,<7}] = (1 — R1)E / D(0,u)1(7, > ydH,
0

12



m

T — ["(ro+ Y Mipr1)dv m
(1-Ry)E / e k=1 Z N pridu
0 k=1

m m

T —(7’0-0-2 Aopri)u m —fou(L?,-i-Z LEpgy)dv
(1 — Rl)/ k=1 du
0

e k=1 Z(/\g + LE)pi E |e
k=1

T *(T0+Z Aopr)u ™
(1- Rl)/ e k= > (AW (€1,0,0,u) — TE(€1,0,0,u), Xo)du,
0 k=1

where the second equality is due to Lemma 2.1 and the fact that H} — f; Lir suyqi(u)du is an {4 }-
martingale, and the last equality follows from Theorem 3.1 and Corollary 3.1.

The total expected present value of the premium payment from 0 to 7T is

_ fou(r,v+z k,’;pkl)d’u
k=1

T T
m/ E [1{Tl>u}D(0,u)} du = li/ E e du
0 0

€ i=1 <W1(6150707t)7X0>dt7

T _(70+ E pi1>\0. )t
- K/
0

where the first equality is obtained using Lemma 2.1, and the last equality follows from Theorem 3.1.

Finally, substituting the above expressions into (5.1) yields the result. O

Proposition 5.2. Let €y = (€3,¢5,---,¢5)*, withcy = 1 and ¢, = 1 —H?:O D, foreachi=1,--- m.
Then the fair CDS premium with counterparty risk is given by

T _(TO+ZE;)‘6)t m
(1 — Rl) fO e i=1 Z pklﬁk2<>\§\1’1(ég,0, 0,u) — \Ilg(éz, 0, 0,t),X0>dt
k=1

K1 = pos 5 (54)
. —(ro+ Y EEAk
o € =t <\Ijl(62a0707t)’X0>dt
where
_ . _ _ . Uy(€y,d,0,u)
_ k _ 1\¢1, &, Y,
\Ill(CQ»Ovovu) - d07,,1}§{1n_>0\111(c2’d707u)’ \IIZ(CQaO,Ovu) - d07“1.}gln_)oTa

with ¥1(Cz,d,0,u) determined by (3.2).

Proof. Let 7 = mig 7s. Then, by using Lemma 2.2, the expected present value of the contingent
ElS]

payment paid by the protection seller from 0 to T is given by

(1-R)(E [D(OaT{l})l{?:T{l}gT}} +E [D(O, 7{0,1})1{?:7{0)1}@}})

)\Zpk 1Pk2 | du

m 2
T 7f0u(rv+z A:“*Hﬁkl))dv m
(1—31)/ E e a0
0

k=1

€ i=1 =0 Zpklﬁk2<)‘](§\1/1(6270703t) - \Pg(6230707t)3X0>dt7
k=1

m 2
T —(ro+y (=[] Ba)Ap)t ™
e
0

where the last equality follows from Theorem 3.1 and Corollary 3.1.

13



The total expected present value of the premium payment from 0 to T is

m 2
T T = [ ot 3D AT Pra)dv
/<;1/ E [175D(0,u)] du:,‘gl/ E e = =0 du
0 0
m 2 .
T —(rot+y_ (=[] Bu)Xo)t
_ m/ e = i (U (€5,0,0,t), Xo)dt,
0

where the first equality holds because 7 has the S-intensity > ;- AF(1 — Hl2:0 Dy1), and the last
equality follows from Theorem 3.1.

Finally, substituting the above expressions into (5.2) yields the formula for the spread . 0
5.2. First-to-default basket swap on three underlyings

A kth-to-default basket swap, which is a commonly traded product of portfolio credit derivatives,
is a bilateral contract between an insurance buyer and an insurance seller. The payment streams
of this derivative depend on the default times of an underlying portfolio of n credit-risky assets. In
this paper, we consider the first-to-default swap on three underlyings with maturity 7. Assume that
the default dependence structure of the three underlyings is the same as that of the investor, the
reference entity, and the protection seller defined in the previous sections. Consider a unit notional
and a constant recovery R. Let T = 79 A 71 A 72. In order to cover the loss when a credit event occurs,
the buyer of protection pays a continuous premium (also called spread) till the first default occurs or
till the maturity time 7" of the contract if no default occurs before the maturity. Therefore, the fair
spread of the first-to-default swap ¢ should satisfy

T
|
0

From (5.5), we have the following result.

ckE

Js Tsdsl{TN}dt] =(1-R)E [e Jo Tsdsl{T<T}} . (5:5)

Proposition 5.3. The fair spread of the first-to-default swap on the three underlyings is given by

T T
(1 - R) f() € b=t E§<A§\P1(6270707t) - qjg(6270a07t)7X0>dt
: : (5.6)
T —(ro+)_ ehAE)t
fO e k=1 <\I’1(ég,0,0,t),Xo>dt

]

=
3

Cc =

where €y, ¥1(€2,0,0,t), and V5(€2,0,0,t) are defined in Proposition 5.2.

Proof. Similar to the proof of Proposition 5.2, the left side of (5.5) is given by

m 2
T [t T —(ro+y (=[] Ba)ro)t
c/ E [e 0o 51{T>t}] dt = c/ e =1 =0 (¥4(€2,0,0,t), Xo)dt.
0 0

The right side of (5.5) can be expressed as

Z el "M <y

(= || - R)E

SES
m 2
T _fu("'v""z At(l_HEkl))dv m 2
— (1-R) / Ele = m SN[ Puw) | du
0 k=1 i=0
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m

T —(ro+y Ayt m
= (1_3)/ e i=1 > B A§T1(S2,0,0,t) — WE(cy,0,0,1), Xo)dt.
0 k=1

Equating the above two equalities ends the proof. 0
6. Numerical results

In this section, we carry out a numerical study to examine the impact of some model parameters
on the spreads of the CDS. Since the semi-analytic formulas for the spreads of the CDS have been
obtained, we can calibrate the proposed model according to the structure of market data. Giesecke et
al. [17] suggest there exist three regimes and obtain the transitional probability by making analysis
on the corporate bond market over the course of the last 150 years. Therefore, the generator of the
Markov chain can be borrowed from Giesecke et al. [17]. The groups of the shock events can be set
as the cardinality of the set S. Thus, the parameters n = (ro,)\g,pij,ui,fi) for i = 1,---,m and
7 =0,1,2 can be obtained according to

&(T,N) — k(T))?
3 (+(T', 1) — w(T))

7 = arg min (1) ,

Te{T1, T}

where T4, - - -, T}, are different maturities.

Since there are much more parameters to be estimated, we will work on the numerical calibrations
in the future’s research. In this section, we mainly perform a numerical analysis for CDS valuation.
Following Giesecke et al. [17], we consider N = 3, that is, X has three states, where state ej,
state es, and state es represent a “good” economy, a “moderate” economy, and a “bad” economy,
respectively. Also, the generator of the Markov chain can be borrowed from Giesecke et al. [17]. Let
m = 4, R1 =R = 04, T = 5, r = (0057003,001)*, P1i = 01, i = 0,].,27 P20 = 01, P31 = 0].,
P42 = 0.17 P21 = P22 = P30 = P32 = P40 = P41 = 0, Aé = (0.01,0.0370.05)*, A% = (0.015, 0.045, 0075)*,
Ad = (0.025,0.075,0.125)*, A = (0.02,0.06,0.1)*, and pp = (1,3,5)* for k = 1,2,3,4. For each
k=0,1,2,3,4, f¥ is given by

fFlz) = 20e 297 x>0,
fF2(x) = 10e 107 2 >0,
fBx) = 272 2 >0.

Set q12 = g21 = q23 = g32 = q13 = ¢31 = q. To perform the numerical analysis, we use the fourth-order
Runge-Kutta algorithm to solve (3.2) and use Simpson’s 1/3 rule to calculate the integrations.
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Figure 1: impact of ¢ on & for different a’ Figure 2: impact of ¢ on & for different pg
and Xy, po = (1,3,5)* and Xy, a’ =50
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Figure 3: impact of ¢ on s, for different a’ Figure 4: impact of q on «; for different pq
and Xy, po = (1,3,5)* and X, a’ =50

Figures 1-2 present the impact of ¢ on the CDS spread without counterparty risk. In these figures,
we see that the spread in the case with the “good” economy at time t = 0 is much lower. We also
see that a larger ¢ results in a larger spread if Xy = e; or Xy = es. This is because the probability of
switching to a worse economy increases as ¢ increases. On the other hand, if we start at the “bad”
economy, the spreads decrease as ¢ increases. This is mainly due to the increasing probability of
switching to a better economy. In Figure 1, we observe that the impact of the parameter a’ on the
spread & is very obvious with a larger a’ corresponding to a lower spread. This may be explained
by the fact that the time period that the intensity A\’ goes back to the previous level of intensity
immediately after major events occur will be shorten as a’ increases. In Figure 2, we see that the
spread increases with pg with other parameters being fixed. Since an increase in g leads to a higher
frequency that the intensities jump upward, the default probability for name 1 increases.

Figures 3-4 present the impact of ¢ on the CDS spread with counterparty risk. The curves in Figures
3-4 are similar to those in Figures 1-2. Figures 1-4 indicate that the spread with counterparty risk is
lower than the one without counterparty risk. This is consistent with the financial intuition.

20 . . . ; 14 . . , :
o — — Xme,d=50)| - = = Xgme, n=(135)
o I e
=€y 8= X,=€5Hy=(1,3,5)
14} X,=e,.al=20] X ,=(26,10) [
121 —— onez,ajzzo H —— XO:eZ,pO:(Z,G,lo)' i

XO:ea,pO:(Z,G,lo)

e al=
X,=e,a=20 |

K‘Kl(bps)
K=K 1(bp:;)

Figure 5: impact of ¢ on k — x; for different Figure 6: impact of ¢ on k — k; for different
a’ and Xy, po = (1,3,5)* po and X, a’ = 50

Figures 5-6 present the impact of ¢ on the CDS spread difference x — k1. For a fixed af, Figure 5
shows that the difference increases with ¢ when Xo = e; or Xy = eo, while it decreases with ¢ when
Xo = e3. We also see that a larger kK — k1 corresponds to a smaller a'. In Figure 6, we observe that
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Figure 7: impact of ¢ on ¢ for different o' Figure 8: impact of ¢ on ¢ for different puq
and Xo,p0 = (1,3,5)* and X, a’ =50

the impact of the parameter py on kK — k1 is very obvious, and that the difference increases with pg.

Figures 7-8 present the impact of ¢ on the spread of the first-to-default basket swap on the three
underlyings. The curves in Figures 7-8 are similar to those in Figures 1-4. Comparing Figures 7-8
with Figures 1-4, we see that the spread of the first-to-default basket swap is much higher than the
single-name CDS spread. This is in line with the stylized feature: the first-to-default swap spread
written on a portfolio of n reference names increases with n.

7. Concluding remarks

In this paper, we use an intensity-based framework to analyze a CDS contract with counterparty
credit risk. The proposed model is based on the idea that a firm’s default is driven by idiosyncratic
as well as other regional, sectoral, industry, or economy-wide shocks, whose arrivals are modeled
by a multivariate regime-switching shot noise process. The regime-switching shot noise process can
measure the impact on the intensities of major events well and allows us to obtain the joint Laplace
transform of the regime-switching shot noise processes and the integrated regime-switching shot noise
processes. Based on these formulas, we can calculate the CDS spread and the first-to-default swap
spread.

The present work might be extended in at least two directions. A possible extension is that one can
consider a contagion model with regime-switching shot noise intensities. Another possible extension
is that the jump component J; in the intensities can be replaced by a more general process such as a
Lévy subordinator with regime switching.
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